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Abstract
This note is concerned with estimates for the remainder term of the Gauss—Turdn quadrature formula,

n 2s

1 .
Fas(h) = [ w0 £0@ =303 40O,
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where w(t) = (U,—1(t)/ n)zx/ 1 — ¢2 is the Gori-Michelli weight function, with U,,_1 () denoting the (n — 1)th degree Chebyshev
polynomial of the second kind, and f is a function analytic in the interior of and continuous on the boundary of an ellipse with
foci at the points =1 and sum of semiaxes ¢ > 1. The present paper generalizes the results in [G.V. Milovanovié¢, M.M. Spalevic,
Bounds of the error of Gauss—Turdn-type quadratures, J. Comput. Appl. Math. 178 (2005) 333-346], which is concerned with the
same problem when s = 1.
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1. Introduction

Let w be an integrable weight function on the interval (—1, 1). We consider the error term R, s (f) of the Gauss—Turdn
quadrature formula with multiple nodes
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which is exact for all algebraic polynomials of degree at most 2(s + 1)n — 1, and whose nodes are the zeros of
the corresponding s-orthogonal polynomial 7, (f) of degree n. For more details on Gauss—Turdn quadratures and
s-orthogonal polynomials see the book [1] and the survey paper [4].

Let I' be a simple closed curve in the complex plane surrounding the interval [—1, 1] and D be its interior. If the
integrand f is an analytic function in D and continuous on D, then we take as our starting point the well-known
expression of the remainder term R, ;(f) in the form of the contour integral

1
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The kernel is given by
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Kns(@) = ———=—> -1,1], 1.2
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and 7, () is the corresponding s-orthogonal polynomial with respect to the weight function w(#) on (—1, 1).
The integral representation (1.1) leads to a general error estimate, by using Holder inequality,
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where 1 <r< +o00,1/r +1/r =1, and

1Fl, = {(gﬁp|f(z>|’|dz|)”’, 1<r < + 0o,

max | f(2)], r = +oo.
zell

The case r = +oo (r' = 1) gives

Ry (< 2D (max |Kn,s<z>|) (max If(z)|> , (1.5)
27 zell zel’

where £(I') is the length of the contour I'. On the other side, for r = 1 (r' = 4+00), the estimate (1.4) reduces to

1
| Rns (DS 7 (% IKn,s(Z)IIdZI) <max|f(z)|), (1.6)
s Ia zel

which is evidently stronger than the previous, because of inequality

f |Kn.s(2)]|dz] <€) <max |Kn,s(Z)|) :
r zell

Also, the case r =’ =2 could be of certain interest.
For getting the estimate (1.5) or (1.6) it is necessary to study the magnitude of |K,, ;(z)| on I or the quantity

1
Los(I) = E;ﬁrw,s(zn dz,

respectively (see, e.g., [5,6]).
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Error estimates (1.6) for Gauss—Turdn quadratures with Gori—-Micchelli weight function, and when I is taken to be
a confocal ellipse, are considered for the general case (s € N) in Section 2. The particular case s = 1 was considered
in [7].

2. Error estimates for Gauss-Turan quadratures with Gori—-Micchelli weight function for general s € N

Let the contour I" be an ellipse with foci at the points £1 and sum of semi-axes ¢ > 1,
So={z€C:z=1(0e" +o7'e7), 0<O<2n). 2.1)

In [7] we considered the error estimates (1.6) for Gauss—Turdn quadrature formula with s = 1 and for the Gori—Michelli
weight function

2
w(t) = w, (1) = U";—i(t)vl — 12, (2.2)

where U,,_;(cos 0) = sinn0/ sin 0 is the Chebyshev polynomial of the second kind. Here we consider the general case
with s € N.

It is well-known that for the weight function (2.2) the Chebyshev polynomials 7}, () of the first kind appear to be
s-orthogonal ones (cf. [2]). For z € &, i.e., z = %(é +&h, e= Qeig, we have 7, 5(z) = T, (z) = %(é" + &) and,
according to (1.3) and (2.2),

1 2s+1772
@n,x(z)ziz/ O™ 0O g, 2.3)
n=J

z—t
Since |dz| =2712/as — cos 20 d0, where we put
aj=aj(@ =3 +0¢7), jeN, o>1, (24)
we have, according to (1.2),

27 |0, (D)|(az — cos20)'/2

1
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Now, from (2.3), by substituting ¢ = cos 0, we have, in view of T}, (cos 0) = cosn0 and U, (cos 0) = sinnf/ sin 0,

Lus(g) = 2.5)

do.

1 f“ [cos n0]*F![sin n0]?
0

Q"’S(Z)zﬁ z—cos0

We transform [cos n0]25+1 by using a formula from [3, Eq. 1.320.7], while [sin nO]2 = (1 — cos2n0)/2. Therefore,

/“ > k=0 <2s;1)005(2s + 1 —2k)n0(1 — cos2n0)

Ql’l,s(z) = n222s+1 7 — cos 0 dg
1 /25 +1 T cos(2s + 1 — 2k)n0 T cos(2s + 1 — 2k)n0 cos 2n0
=—— do — deo|,
n222s+1 ;( k ) [[0 z—cos0 /0 z—cos0 :|

i.e.,

1 L /2s+ 1 T cos(2s + 1 — 2k)n0
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Qn,A (Z) n222s+1 /; ( k ) [/() Z — COS 0

1 /“ cos(2s + 3 — 2k)n0 1 /‘” cos(2s — 1 — 2k)n0 d9:|
0 0

do — -
z —cos b 2 z—cosl
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Furthermore, using [3, Eq. 3.613.1], one finds

T 0 m
/ cosmy_ 4o " (z -2 - 1) ., m e N,
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and we obtain
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where we used that v/z2 — 1 = %(5 — ¢ Yandz — vz2 — 1= ¢! Finally, we obtain

n ¢ =
Qnys(z) = 22s+1l’l2 . é _ f_l (b - OC) B

where we used the notation

2s + 1 G SN 25+ 1 1
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Using (2.6) and
T(2)| = (azn + cos2n0)/2 /2, | — 67K = V2(ap — cos2k0)'/? (ke N),

the quantity (2.5) reduces to

1 2m — cos2n0)|b — «/?
Ly (£) = (azn — cos2n0)|b — of 40,
’ € 2s+252 0 (a2n 4+ cos 2n0)25+1

279

2.6)

2.7)

where |b — a|? =b* — 2b Re{a} + |a|? (b € R, o € C). Itis not difficult to conclude that |o|> = o - % = h»(2n0), where

2(az, — cos 0)

n 2
Q2n(s+l) |W§(Q , 0)|

hy(0) =

and (0, 0) = 3°_, (stH) 02"=5ei=5/20 has been defined in [6, Eq. (4.12)].
Let x = 9. Recall that | W, (", 0)|> = 3_}_, A¢ cos £0 (cf. [6, Egs. (4.13)~(4.15)]), where

1 /25 +1\?,
Aozme( v )x‘
v=0

and

2 /251 (25 + 1),
A‘:x(s—zm;( y ><v+£>x’ t=los
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Further, we have

Refo) = Re {(1 178y (2s N 1) %} — h1(2n0),

2(s—v)
et Y é Ss—V)n
where
s s
25 4+ 1 , 2s + 1 :
hi(0) = Z ( s\:l— ) 0?09 cos(s — v)0 — Z ( s;'_ ) 0?0757 cos(s + 1 — v)0.
v=0 v=0

Therefore, (2.7) becomes

1 21 _ 2 2 2 ) >
Lys(&y) = / (azn — cos2n0)(b bhy(2n0) + ha(2n0)) 0.
, 2+2.2 (a2 + cos 2n0)>+!

The last integrand depends in 6 via cos2n€0 (n € N, £ € {1,...,s + 1}, s € Np). It is a continuous function of the
form g(2n0), where

g(0) = g(cos 0, cos20,...,cos(s + 1)0).

Because of periodicity, it is easy to prove that /027: g(2nh)do =2 fon g(0) d0. Therefore, L, ;(&,) reduces to

1 " [(azn — cos 0)(b> — 2bh (0) + h2(0))
st = gz | \/ (@ +c0s 0P o &9

Further, /1 (0) can be written in the form

*L (2541
hi(0) = x /2 Z ( S+ ) [x"/% cos(s — v)0 — xO" D2 cos(s + 1 — v)0],
v
v=0

i.e., after expanding the sum and putting in order,

25 + 1 sty 25 + 1
h1(0) = st —22— St x 42 cos €0.
) e:1s+£+1 s+1—¢

Now, (2.8) obtains the form

1 Y
List60) = 3z [ Vinste. 010, 2.9)

where h,, 5(0, 0) = f/(az, + cos 0>+ and

B =P, 0) = (az, —cos0) <2x(”1)/2(a2n —cos 0) Z Ay cos

=0

25 4+ 1)\2 A1\ L ¢ 25 + 1
—<S+ ) —i—4<SjL )Z—( St )x‘l/zcosﬁ().

s K lzls—}—ﬁ—}—l s+1—¢

On the other hand, applying Cauchy’s inequality to (2.9), we obtain

7 172
Ln,s«f@)si( / s (. 0) de) .
0

2s+15,2
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Since
s+1
0 2s + 1
_ 2 /2
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s+1
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s
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we have that

T T ﬁ
h ,0)do = —— do
/0 ns (0. ) /0 (a2n + cos )25+

s+1
0 2 1
= —aznb2J0+4baznZ— < St )x_e/z.]@
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PPh -2y —— 2 (Jo_y +
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S
_ 1
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=0

where by J; we denoted the following integrals (cf. [6, p. 127]):

cos £0

Vs
Jo=Jay) = | ——————d0.
¢ ¢(a) /0 (o 1 cos O

It is well-known that (see [3, Eq. 3.616.7] or [6, Eq. 4.16])

22s+]n(_1)exsf(€*1)/2 s 2s +v 2s + £ 25—
Jo = Je(azy) = S ( v ><£+v>(x—l)s ’

(x—1

v=0

Therefore, we have

Ly (&) < /7 (2.10)

2s+15,2°

where

25 +1\? x+1
/:Vn,s(g)—< s ) <J1_2ﬁ~]0>
+
25 + 1 25 + 1 2 x+1
Jo_1 — Jo+J
< );s—l-e—l-l(s—i-l—Z) V-

, (x4 1)2 x+1 1
+x (S+1)/22Ag [(1 + Jo — NG (Jie—1) + Jev1) + 3 (Jie=2 + Je42) | -

2x
=0

In this way, we have just proved the following result.

Theorem 2.1. Let &y (¢ > 1) be given by (2.1), az, be defined by (2.4), and x = 0™ . Then, for the weight function
(2.2), the quantity L, (&) can be expressed in form (2.9). Furthermore, estimate (2.10) holds.
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Fig. 1. Logy of the values L, 5(&,) (solid lines), with n =5, given by (2.9) and its bound given by (2.10) (dashed lines) for s =1 (the case (a)) and
s = 2 (the case (b)).

Example 2.2. The function ¢ > log;o(Ly,s(Ey)), as well as its bound which appears on the right side in (2.10), are
given in Fig. 1. Bound (2.10) are very precise especially for larger values of n, s, ¢.
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